A conjecture of Morel asserts that the sheaf of A 1 -connected components of a space is A 1 -invariant. Using purely algebro-geometric methods, we determine the sheaf of A 1 -connected components of a smooth projective surface, which is birationally ruled over a curve of genus ą 0. As a consequence, we show that Morel's conjecture holds for all smooth projective surfaces over an algebraically closed field of characteristic 0.
Introduction
Since its inception in the foundational work of Morel and Voevodsky [9] , A 1 -homotopy theory has provided a systematic framework to successfully adapt several techniques of algebraic topology to the realm of algebraic geometry by having the affine line A 1 play the role of the unit interval. Fix a base field k and let Sm{k denote the category of smooth, finite-type, separated schemes over k. Let Hpkq denote the A 1 -homotopy category, which is obtained by taking a suitable localization of the category of simplicial sheaves of sets (also called spaces) on Sm{k for the Nisnevich topology. In A 1 -algebraic topology, one then studies the A 1 -homotopy sheaves of a (pointed) space. In topology, the set of connected components of a topological space and the homotopy groups of a (pointed) topological space are discrete as topological spaces. The counterpart of discreteness in A 1 -homotopy theory is the notion of A 1 -invariance.
It is thus very natural to ask if the A 1 -homotopy sheaves of a (pointed) space X are A 1 -invariant. Morel [8, Theorem 6.1, Corollary 6.2] has shown that the homotopy sheaves π A 1 n pX , xq, for n ě 1, are A 1 -invariant. However, quite incredibly, A 1 -invariance of the sheaf of A 1 -connected components is not yet known and has been conjectured by Morel [8, Conjecture 1.12 ]. Conjecture 1.1 (Morel) . For any space X , the sheaf π A 1 0 pX q is A 1 -invariant. Let X be a space. A crucial drawback one faces while handling A 1 -connected components as opposed to higher homotopy sheaves of X is the lack of a natural group structure on π A 1 0 pX q in general. Another serious difficulty in handling π A 1 0 pX q is presented by the fact that the explicit description of the A 1 -fibrant replacement functor given in [9, p. 107] is uncomputable in general. Apart from some trivial examples (A 1 -rigid spaces, smooth projective curves etc.) in which Conjecture 1.1 clearly holds, it has been verified for H-groups and homogeneous spaces for H-groups [4] and projective non-uniruled surfaces [2] . Conjecture 1.1 is wide open in general, even for smooth projective schemes over an algebraically closed field. The main result of this paper is as follows. Theorem 1.2. Let X be a smooth projective birationally ruled surface over an algebraically closed field k of characteristic 0. Then the sheaf π A 1 0 pXq is A 1 -invariant. The case of non-uniruled surfaces (over an arbitrary field) was already handled in [2] . Thus, Conjecture 1.1 holds for all smooth projective surfaces over an algebraically closed field of characteristic 0. Appropriate analogues of some of the ideas used in the proof of Theorem 1.2 go through while working over an arbitrary field using the classification of surfaces (see [7, Chapter III, Theorem 2.2]). We intend to take up the problem of proving Morel's conjecture for surfaces over an arbitrary field in future work.
Since π A 1 0 pXq is the Nisnevich sheaf associated with the presheaf U Þ Ñ Hom Hpkq pU, Xq on Sm{k, the study of π A 1 0 pXq is closely related to the following fundamental question. Question 1.3. How far is Hom Hpkq pU, Xq from the set equivalence classes of morphisms of schemes U Ñ X under the equivalence relation generated by naive A 1 -homotopies?
One might hope that the two sets in Question 1.3 agree, at least when U is a smooth henselian local scheme over k. Let SpXq denote the sheaf of A 1 -chain homotopy classes of X. One can iterate the construction of taking A 1 -chain connected components and take the limit to form the universal A 1 -invariant quotient LpXq :" lim Ý Ñ n S n pXq of X. In view of [2, Theorem 2.13, Remark 2.15, Corollary 2.18], if Conjecture 1.1 holds, then the canonical map π A 1 0 pXq Ñ LpXq is an isomorphism. The sheaf LpXq thus gives a purely geometric way to study π A 1 0 pXq and it is natural to ask the following question. Question 1.4. Let X be a scheme over k. Does there exist n P N such that LpXq » S n pXq?
It is worthwhile to point out that there exist smooth projective schemes X for which neither LpXq nor π A 1 0 pXq agrees with SpXq. The first example of a smooth projective scheme X (over C) for which SpXq LpXq was constructed in [2, Section 4] . The first general class of smooth varieties X for which π A 1 0 pXq does not agree with SpXq but with a further iteration of the functor S is provided by A 1 -connected anisotropic groups over an infinite perfect field by the results of [3] (see [10, Corollary 3.4] ). Theorem 1.2 is a consequence of the following general result, which provides the first general family of smooth projective varieties for which π A 1 0 pXq is given by a nontrivial iteration of S on X. Theorem 1.5. Let E be a P 1 -bundle over a smooth projective curve C of genus g ą 0 over an algebraically closed field k of characteristic 0. Let X be a smooth projective surface, which is not isomorphic to E and has E for its minimal model. Then we have the following:
paq π A 1 0 pEq » S n pEq » C, for all n ě 1; pbq π A 1 0 pXq » S n pXq, for all n ě 2. Moreover, π A 1 0 pXq C. It was expected in [8, Remark 1.13 ] that for a smooth projective surface X birationally ruled over a curve C of genus g ą 0, one would have π A 1 0 pXq » C. Indeed, by results of [1] or [2] , it follows that π A 1 0 pXqpSpec F q » CpSpec F q, for every finitely generated, separable field extension F of k. However, Theorem 1.5 shows that the situation in reality is quite delicate.
We now briefly outline the contents of the article. The central tool of the paper is the notion of A 1 -ghost homotopies, which need not be morphisms of A 1 into the scheme in question but are defined only over a Nisnevich cover of A 1 . The formalism of A 1 -n-ghost homotopies, which gives a systematic way to analyze A 1 -homotopy classes of sections of the sheaves S n pXq over a smooth henselian local scheme, is described in Section 2.2. In Section 3, we prove a key rigidity result (Proposition 3.5) for sections of a variety admitting a morphism to an A 1 -rigid scheme over a smooth henselian local scheme. Local analysis of ruled surfaces is crucial to our arguments. We collect the tools needed for the same in Sections 4.1 and 4.2. In Section 5, we prove Theorem 1.5 for a special class of blowups of P 1ˆC for a smooth projective A 1 -rigid curve C, which we refer to as nodal blowups. The trickiest part of the proof here is the explicit construction of certain ghost homotopies (see the proof of Theorem 5.1). In Section 6, we handle the case of a general blowup of P 1ˆC . This will be accomplished by a key reduction argument using a geometric result that is presented in Section 4.3, which allows us to prove the result by induction on the number of blowups required. We finally put all these results along with known results on rational surfaces together to give a proof of Theorem 1.2.
Conventions and notation. Throughout the paper, k will denote a fixed base field and Sm{k will denote the category of smooth, finite-type, separated schemes over Spec k. Section 4.2 onwards, we will assume that k is algebraically closed of characteristic 0.
We will denote by Hpkq the A 1 -homotopy category constructed by Morel and Voevodsky [9] , the objects of which are simplicial Nisnevich sheaves of sets on Sm{k (also called spaces). Regarding A 1 -connected components and related notions, we will follow the conventions and notation of [2] .
We will often make use of essentially smooth schemes, that is, schemes which are filtered inverse limits of diagrams of smooth schemes in which the transition maps areétale, affine morphisms. All presheaves on Sm{k will be extended to essentially smooth schemes by defining F plim Ð Ý U α q " lim Ý Ñ F pU α q. By a smooth henselian local scheme over k, we will mean the henselization of the local ring at a smooth point of a scheme over k.
A Nisnevich sheaf of sets F on Sm{k is A 1 -invariant if for every U P Sm{k, the projection map UˆA 1 Ñ U induces a bijection F pUq » Ñ F pUˆA 1 q. A scheme X over k is called A 1 -rigid if the associated Nisnevich sheaf given by its functor of points is A 1 -invariant.
A 1 -connected components of schemes
2.1. Preliminaries on A 1 -connected components. In this section, we review some preliminary material on A 1 -homotopy theory relevant to the contents of this paper. We will follow the notation and terminology of [2] .
Definition 2.1. The sheaf of A 1 -connected components of a space X , denoted by π A 1 0 pX q, is defined to be the Nisnevich sheafification of the presheaf U Þ Ñ Hom Hpkq pU, X q on Sm{k.
When X is represented by a scheme X, we would like to use geometric properties of X to compute π A 1 0 pXq. A systematic way to go about this is to consider the functor of A 1 -chain connected components of X, which attempts to capture the notion of A 1 -connectivity in a naive manner. Notation 2.2. For any scheme U over k, we let σ 0 and σ 1 denote the morphisms U Ñ UˆA 1 given by u Þ Ñ pu, 0q and u Þ Ñ pu, 1q, respectively. Definition 2.3. Let F be a sheaf of sets over Sm{k and let U be an essentially smooth scheme over k.
(1) An A 1 -homotopy of U in F is a morphism an element h of F pUˆA 1 k q. We say that t 1 , t 2 P F pUq are A 1 -homotopic if there exists an A 1 -homotopy h P F pUˆA 1 q such that σ0 phq " t 1 and σ1 phq " t 2 .
(2) An A 1 -chain homotopy of U in F is a finite sequence h " ph 1 , . . . , h r q where each h i is an A 1 -homotopy of U in F such that σ1 ph i q " σ0 ph i`1 q for 1 ď i ď r´1. We say that t 1 , t 2 P F pUq are A 1 -chain homotopic if there exists an A 1 -chain homotopy h " ph 1 , . . . , h r q such that σ0 ph 1 q " t 1 and σ1 ph r q " t 2 .
Note that for any scheme U and sheaf F , A 1 -chain homotopy gives an equivalence relation on the set F pUq.
Definition 2.4. Let F is a Nisnevich sheaf of sets on Sm{k. Define SpF q to be the Nisnevich sheaf associated with the presheaf U Þ Ñ F pUq{ " for U P Sm{k, where " denotes the equivalence relation defined by A 1 -chain homotopy. In other words, SpF q is the Nisnevich sheafification of the presheaf U Þ Ñ π 0 pSing A 1 F q on Sm{k, where Sing A 1 F denotes the Morel-Voevodsky singular construction on F (see [9, p. 87-88] ).
Iterating this construction, we obtain a sequence of epimorphisms
where S n`1 pF q is defined inductively to be SpS n pF qq, for every n P N. The utility of this concept lies in the following result which was proved in [ 
Thus, in order to prove the A 1 -invariance of π A 1 0 pXq for a scheme X, one can attempt to compute iterations S n pXq for all n and see if π A 1 0 pXq agrees with their colimit as n Ñ 8. For this, we would like to study A 1 -homotopies in the sheaves S n pXq, n ě 0. These sheaves are not schemes in general and so if we wish to exploit geometric information, we will have to "lift" those homotopies to X. We take up the task of setting up the notation for doing the same in the next subsection.
Ghost homotopies.
Let F be a Nisnevich sheaf of sets on Sm{k. The morphism F Ñ S n pF q is a surjection of sheaves. Thus, although not every morphism U Ñ SpF q can be lifted to F , there exists some Nisnevich cover V Ñ U such that the morphism V Ñ U Ñ S n pXq lifts to F . On VˆU V , these lifts must be compatible up to A 1 -chain homotopy. In other words, the two induced morphisms of VˆU V are A 1 -chain homotopic (at least after pulling back to some suitable Nisnevich cover of VˆU V ). In other words, a morphism U Ñ SpF q can be represented by data which consists of morphisms and homotopies into F . We now state a criterion for two elements of SpF qpUq to map to the same element in π A 1 0 pUq, proved in [2, Lemma 4.1], which will play a crucial role in our proof of Theorem 1.2. Lemma 2.6. Let F be a Nisnevich sheaf of sets over Sm{k. Let U be a smooth scheme over k and let f, g : U Ñ F be two morphisms. Suppose that we are given data of the form
U V 2 and let pr i : W Ñ V i denote the projection morphisms. Then h W " ph 1 , . . . , h n q is a A 1 -chain homotopy connecting the two morphisms h i˝p r i : W Ñ F . Then, f and g map to the same element under the map F pUq Ñ π A 1 0 pF qpUq. We now set up the notation for general data of such type in order to represent homotopies in S n pF q. We will only need to do this for the cases n " 1 and 2 and when F is of the form S n pXq for a scheme X but the inductive definition is easy enough to state in general.
Definition 2.7. Let F be a sheaf of sets and let U be an essentially smooth scheme over k. Let n ě 0 be an integer. The notion of an n-ghost homotopy and n-ghost chain homotopy is defined as follows:
(1) A 0-ghost homotopy is the same as an A 1 -homotopy as defined in Definition 2.3. Similarly, a 0-ghost chain homotopy is the same as an A 1 -chain homotopy. (2) Assuming that the notion of m-ghost homotopy and m-ghost chain homotopy has been defined for m ă n, we define an n-ghost homotopy. Given t 1 , t 2 P F pUq, an n-ghost homotopy connecting t 1 , t 2 consists of the data:
where pr 1 and pr 2 are the projections VˆA1 U V Ñ V . With this notation, we will also write Hpiq " t i for i " 0, 1.
(3) Suppose the notion of an n-ghost homotopy has been defined. Then for elements t 1 , t 2 P F pUq, an n-ghost chain homotopy connecting t 1 , t 2 is a finite sequence H " pH 1 , . . . , H r q where each H i is an n-ghost homotopy of U in F such that pH i qp1q " pH i qp0q for 1 ď i ď r´1, pH 1 qp0q " t 1 and pH r qp1q " t 2 .
Lemma 2.8. Let F be a sheaf of sets, let U be an essentially smooth scheme over k and let n ě 0 be an integer. Let t 1 , t 2 P F pUq. If t 1 , t 2 are n-ghost homotopic then their images in S n pF qpUq are A 1 -homotopic. Conversely, if the images of t 1 , t 2 are A 1 -homotopic, there exists a Nisnevich cover p : U 1 Ñ U such that the images of t i˝p in S n pF qpUq are n-ghost homotopic Proof. We first prove that if t 1 and t 2 are n-ghost homotopic, then their images in S n pF q are A 1 -homotopic. We prove this by induction on n. The case n " 0 is trivial. We verify the case n " 1. Suppose we have a 1-ghost homotopy
connecting t 1 and t 2 . Then for i " 1, 2, if pr i denotes the projection on the i-th factor, we see that the two morphisms
Nisnevich cover, we see that the morphism V Ñ F Ñ SpF q descends to a morphism A 1 U Ñ F , connecting the images of t 1 and t 2 in SpF q. Now assume that for any scheme T , if two morphisms T Ñ F are pn´1q-ghost homotopic, then their images in S n´1 pF q are A 1 -homotopic. Suppose we are given an n-ghost homotopy
between t 1 , t 2 P F pUq. By the induction hypothesis, on composing with the morphism F Ñ S n´1 pF q we get a 1-ghost homotopy of U in S n´1 pF q. Since we know the result to be true for n " 1, we see that a 1-ghost homotopy in S n´1 pF q gives rise to an A 1 -homotopy of U in S n pF q connecting the images of t 1 and t 2 in S n pF qpUq. Now we prove the converse, again by induction on n. The case n " 0 is trivial. Suppose t 1 , t 2 P F pUq are such that their images in S n pF qpUq are connected by a single A 1 -homotopy. As F Ñ S n pF q is an epimorphism, there exists a Nisnevich cover V Ñ A 1 U such that the morphism V Ñ A 1 U Ñ S n pF q can be lifted to a morphism V Ñ F . By replacing U by some suitable Nisnevich cover U 1 Ñ U, we may assume that the morphisms σ i : U Ñ A 1 U lift to V . Now, in the notation of Definition 2.7, it suffices to construct the Nisnevich cover W Ñ VˆA1 U V and the pn´1q-ghost chain homotopy H W . The two morphisms
become equal when composed with the morphism S n´1 pF q Ñ S n pF q. Thus, they must be compatible up to A 1 -homotopy in S n´1 pF q, that is, there exists a Nisnevich cover
Hence, there exists a finite sequence of homotopies h W :" ph 1 , . . . , h r q in S n´1 pF q such that σ1 ph i q " σ0 ph i`1 q for 1 ď i ď r´1 and such that σ0 ph 1 q and σ1 ph r q are the two morphisms of W . By replacing W by some suitable Nisnevich cover, we may assume that the for every i, 1 ď i ď r´1, the morphisms σ1 ph i q lift to F . Applying the induction hypothesis, we see that all these lifts are pn´1q-ghost homotopic. Thus, the two morphisms W Ñ F are pn´1q-ghost chain homotopic. This completes our proof.
In order to avoid being flooded by notation in some of the proofs, we need to introduce the notion of the "total space" of an n-ghost homotopy. For a given n-ghost homotopy H of a scheme U in a sheaf F , this is simply the union of all the schemes that show up in its definition. This is a scheme over U and is equipped with a morphism into F which is simply the coproduct of all the morphisms that come up in the definition of H. For the sake of precision, we write down the definition explicitly as follows: Definition 2.9. Let F be a sheaf of sets, let U be a smooth scheme. For any n-ghost homotopy H of U in F , we define a scheme SppHq and morphisms f H : SppHq Ñ U and h H : SppHq Ñ F . We do this by induction on n as follows:
(1) For a 0-ghost homotopy H which is given by a morphism A 1 U Ñ F , we define SppHq :"
U Ñ F is just the morphism defining the homotopy. (2) Suppose that this construction has been done for pn´1q-ghost homotopies. Let
be an n-ghost homotopy where H W " pH 1 , . . . , H r q is a pn´1q-ghost chain homotopy. We then define
We will define the morphisms f H : SppHq Ñ U and h H : SppHq Ñ F are defined by specifying their restrictions to V and to SppH i q for all i. We define f H | V to be the composition of the given morphism
Ghost homotopies respecting fibers. We now discuss A 1 -homotopies and n-ghost homotopies on sheaves that admit a morphism to an A 1 -invariant sheaf. We will then specialize to the case when the target sheaf is represented by an A 1 -rigid scheme. Definition 2.10. Let U be a scheme over k. Let φ : F Ñ G be a morphism of sheaves of sets on Sm{k.
p1q We say that an A 1 -homotopy h : UˆA 1 Ñ F respects fibers of f if there exists a morphism γ : U Ñ G such that φ˝h " γ˝pr 1 where pr 1 : UˆA 1 Ñ U is the projection on the first factor. We say that h lies over γ. p2q Let H :" pV, tW ij u i,j , th i u i , th ijk u i,j,k q be an A 1 -ghost homotopy of U in F . We say that H respects fib res of f if there exists a morphism γ : U Ñ G such that φ˝h H " γ˝f H . We say that H lies over γ. p3q In general, given a U-scheme V and a morphism of sheaves F Ñ G, a morphism V Ñ F will be called a γ-morphism if the diagram
Remark 2.11. An A 1 -ghost homotopy of U in F gives rise to an A 1 -homotopy of U in SpF q. However, to say that an A 1 -ghost homotopy respects fibers of F Ñ G is not exactly the same as saying that the corresponding A 1 -homotopy in SpF q respects the fibers of SpF q Ñ G. For instance, if H is an A 1 -ghost homotopy of U in F such that the corresponding A 1 -homotopy of U in SpF q respects the fibers of the morphism SpF q Ñ G, it need not be true that φ˝h H " γ˝f H on every copy of W ij kˆA 1 that occurs in SppHq.
Lemma 2.12. Let φ : F Ñ G be a morphism of sheaves of sets on Sm{k. Assume that G is A 1 -invariant. Let U be any scheme. Then any A 1 -homotopy (resp. n-ghost homotopy) of U in F respects fibers of φ. Thus there exists a morphism γ : U Ñ G such that the given
there exists a morphism γ : U Ñ G such that φ˝h " γ˝pr 1 . This proves the lemma for A 1 -homotopies. Now, suppose we have an A 1 -ghost homotopy
Since we have proved the result for A 1 -homotopies, the fact that G is A 1 -invariant implies that there exists a γ P GpUq giving a commutative diagram
we obtain a proof of the equality φ˝h H " γ˝f H when the morphisms are restricted to V i Ă SppHq for i P I.
We need to show that γ l is the same as the morphism
For t " 0, 1, we have φ˝h ijk l˝σ t " γ l˝p r 1˝σt " γ l . However, by the definition of an A 1 -chain homotopy, we have h ijk l˝σ 0 " h ijk l´1˝σ 1 and h ijk l˝σ 1 " h ijk l`1˝σ 0 . Thus we see that the γ l " γ 1 for every l. However, γ 1 is equal to the composition of morphism
Since the morphism φ˝h i is the same as the composition
we see that γ 1 is equal to the composition
as desired. Proceeding inductively, we can prove the result for n-ghost homotopies.
We fix a smooth henselian local ring pR, mq, U " Spec R. We fix a morphism γ : U Ñ B and consider the pullback E with respect to γ which we denote by E γ . Since a P 1 -bundle isétale locally trivial, we see that E γ » P 1 U . Since B is A 1 -rigid, by Lemma 2.12, it follows that SpEqpUq " BpUq, and consequently,
Homotopies on a blowup
The aim of this section is to study "topological" constraints on an A 1 -homotopy or more generally, an n-ghost homotopy of a smooth henselian local ring into a scheme obtained by blowing up a scheme admitting a morphism to an A 1 -rigid scheme. We fix the following setting for the rest of this section.
p1q Let k be a field and let B be an A 1 -rigid scheme over k and let π : X Ñ B be a morphism of schemes over k. p2q Let r X be the blowup of X at T , where T is a closed subscheme of X such that πpT q is not dense in B. p3q Let U " Spec R where pR, mq is the Henselization of the local ring at a smooth point of a variety over k. Let K denote the residue field R{m. We will denote the closed point of U by u. p4q For any morphism of schemes f : Y Ñ Z, we will abuse the notation and write f˚for the associated morphism of sheaves of rings O Z Ñ f˚O Y as well as for the morphism induced by this one on sections, when there is no confusion.
Let α 1 , α 2 : U Ñ X be morphisms which lift to r X. We also assume that the maps π˝α i do not map the generic point of U into πpT q. This condition is enough to ensure that the lifts of α 1 , α 2 to r X are unique. The main result of this section is that, if the lifts r α 1 and r α 2 of α 1 and α 2 to r X are n-ghost homotopic for some n, then the intersection of exceptional divisor with r α 1 pUq and Ă α 2 pUq is the "same" in the sense that the pullback of the ideal sheaf defining T to U via to α 1 and α 2 is the same. For instance, this implies that r α 1 maps the closed point of U into the exceptional divisor, so does r α 2 . Indeed, the image of the closed point of U remains in the exceptional divisor throughout the n-ghost homotopy.
We wish to study the sheaves S n pXq. For any n-ghost homotopy H of U in X, the homotopy f˝H is constant by Lemma 2.12. Thus, if two morphisms α 1 , α 2 : U Ñ X are n-ghost chain homotopic, the compositions f˝α 1 and f˝α 2 are equal. Thus, in order to study the n-ghost homotopy classes of morphisms U Ñ X, we may first fix a morphism γ : U Ñ B and study the n-ghost homotopy classes of the sections of XˆB ,γ U Ñ U. Therefore, we may take B " U without loss of generality throughout the rest of the section.
Let us thus assume that X be scheme of finite type over U, with structure map π : X Ñ U. Let T be a closed subscheme of X such πpT q does not contain the generic point of U. Thus, there exists a proper ideal I 0 of R such that if I 0 is the associated ideal sheaf on U, then T is contained in the closed subscheme defined by the ideal sheaf f˚pI 0 q. Let I T denote the ideal sheaf corresponding to T and r X denote the blowup of X at T .
Let v be a point of V such that f pvq " u and κpvq " K. Then the ideal h˚pI T q v is generated by an element of the form f˚prq for some r P R. Also, we have xry Ą I 0 .
Proof. Since R is henselian, there exists a section α : U Ñ V such that αpuq " v. Since α also lifts to r X, the ideal α˚ph˚pI T q v q is principal. If hpvq does not lie in Z, then this ideal is the unit ideal and so there is nothing left to prove. So we now assume that hpvq P Z. Thus the ideal α˚ph˚pI T q v q is generated by some element r P m. It is clear that xry Ą I 0 . We will show that h˚pI T q v is generated by f˚prq. As h lifts to r X, we know that the ideal h˚pI v q is principal, generated by some element ρ P O V,v . Thus we need to show that f˚prq is a unit multiple of ρ. 
Thus there exists a commutative diagram as follows where the horizontal morphisms are isomorphisms:
Here s " ps 1 , . . . , s n q and t " pt 1 , . . . , t m q are tuples of variables. Let r 0 be a non-zero element in I 0 . (Such an element exists because we are assuming that the generic point of U does not lie in πpT q.)
and thus by the above commutative square we see that φ v pρq is a unit multiple of some element in the image of p f˚. Thus we may assume that φ v pρq " p
f˚pr 1 qy and φ v pxf˚prqyq " x x f˚pφRprqqy are equal. Since φ v is a faithfully flat morphism, this shows that h˚pI T q v " xf˚prqy in R. Proof. In the local ring O V,v , we have the equality of ideals h˚pI T q " xf˚prqy which must hold in a neighbourhood of v. Thus, there exists an open subscheme W of V with v P W such that the ideals h˚pI T qpW q and xf˚prqy of O V pW q are equal. Let v 1 P ZzW 0 . We wish to show that the ideal
Let z be of codimension m in U. Then, there exists there exists a (non-unique) Kalgebra isomorphism κpzqrrtss Ñ x R z where t " pt 1 , . . . , t m q is an m-tuple of variables. We fix such an isomorphism and using the ring homomorphism f˚: κpzq Ñ κpv 1 q, we define the ring
We have a commutative square
Then by the argument in the proof of Lemma
Proof. This proof is along the same lines as the proof of Lemma 3.3. Let z " f 1 pv 1 q " f 2 pv 2 q. Let R z be the localization of R at the prime ideal corresponding to the point z.
We fix a K-algebra isomorphism x R z Ñ κpzqrrtss where t " pt 1 , . . . , t m q is an m-tuple of variables. Using the ring homomorphism f˚: κpzq Ñ κpv 1 q, we define
Also, the morphisms r f and r g are the pullbacks of f and g. We also have points r v i on r
Then by the argument in the proof of Lemma 3.3, there exists an element ρ P R 1 such that the ideal ph
However, by assumption, ph 2˝ψV 2 q˚pI T q r v 2 " ψV 2 pxf2 prqyq " r f2 pψŮ prqq. This proves that ρ is a unit multiple of ψŮ prq in R 1 . As in the proof of Lemma 3.3, this shows that h1pI T q v 1 " xf1 prqy. Proposition 3.5. Let n ě 0 be an integer. Let α and α 1 be sections of r X Ñ U which are connected by an n-ghost homotopy. Then there exists r P R such that xry Ą I 0 and r generates α˚pI T q " pα 1 q˚pI T q. Also, in this case hHpI T q is generated by fHprq.
Proof. This will be proved by induction on n. We begin with the case n " 1. Thus, suppose α and α 1 are connected by a single A 1 -homotopy h : A 1 U Ñ X, which lifts to r X. Let r be such that α˚pI T q " xry. Then by Lemma 3.4, we see that h˚pI T q| σ 0 puq is generated by pr2 prq where pr 2 is the projection
In particular, h˚pI T q pσ 1 puqq is generated by pr2 prq. Thus pα 1 q˚pI T q " σ1 phpI Tis generated by σ1 ppr2 prqq " r. This completes the proof in the case n " 0. Now suppose the result has been proved for m-ghost homotopies where m ď n. Suppose α and α 1 are connected by an n-ghost homotopy
Let r, r 1 P R be such that α˚pI T q " xry and pα 1 q˚pI T q " xr 1 y. Then, by Lemma 3.4, we see that hHpI T q Ă σ 0 puq " xf H prqy and hHpI T q Ă σ 1 puq " xf H pr 1 qy. Let Z 0 and Z 1 be the irreducible components of the closed fiber of f´1 H puq of V containing r σ 0 puq and r σ 0 puq respectively. By
U . Thus, we obtain the point pz 1 , z 2 q P VˆA1 U V and there exists a point z 3 P W which maps to pz 1 , z 2 q under the morphism W Ñ VˆA1
where pr i : VˆA1 U V Ñ V is the projection on the i-th factor for i " 1, 2. Thus g1 phHpI T q z 3 is generated by g1 pfHprqq and g2 phHpI T q z 3 is generated by g2 pfHpr 1 qq. Since the morphisms h H˝g1 and h H˝g2 are pn´1q-ghost chain homotopic, the induction hypothesis implies that the ideals xg1 fHprqy and xg2 fHpr 1 qy of O W,z 3 are equal. It is easily seen that the morphisms f H˝g1 and f H˝g2 from W Ñ U are identical. Since this is a smooth morphism, it is faithful and thus the equality xg1 fHprqy " xg2 fHpr 1 qy implies that xry " xr 1 y in R as desired.
Now we need to prove that the ideal sheaf hHpI T q is generated by fHprq. The above arguments show that there exists an open subscheme V 0 Ă V containing the closed fiber
Applying the above arguments for U z instead of U, we see that there exists an element r
is generated by fHprq. Now, by Lemma 3.4, it easily follows that hHpI T q| SppH i q is also generated by fHprq for every pn´1q-ghost homotopy appearing in H W . This completes the proof.
Geometry of ruled surfaces
Our proof of the main theorem (Theorem 1.5) is based on the classification of smooth projective surfaces. We will therefore need a formalism to handle blowups of points on a minimal ruled surface. We will briefly review some elementary constructions on schemes in Section 4.1, all of which basically follow from resolution of indeterminacy and universal property of blowups. The material in Section 4.1 should be quite obvious to the expert, but we present the proofs for the sake of completeness and since we use nonstandard notation to facilitate the book-keeping needed for our purposes. Section 4.2 gives a systematic way of handling a special class of blowups of a minimal ruled surface and Section 4.3 contains a key result about local geometry of such blowups (Theorem 4.16), which plays a crucial role in our proof of Theorem 1.5.
4.1.
Review of some elementary constructions on schemes. We fix a base scheme Spec R, where R is a noetherian domain. All the R-schemes considered in this subsection will be separated, integral and of finite type over Spec R. We comment that the some of the restrictions we have placed on the base ring R as well as the R-schemes under consideration may not be necessary, but they allow us to write simpler proofs and are sufficient for our purposes.
Let X be an integral, separated R-scheme and let f : X P 1 be a rational function. We will construct three kinds of R-schemes Z along with structure morphisms Z Ñ X such that the pullback of f to Z has certain special properties.
4.1.1.
Resolving indeterminacies of a rational function. Let T 0 , T 1 denote homogeneous coordinates on P 1 R , so that P 1 R " Proj RrT 0 , T 1 s. Recall that for any R-scheme Z and a morphism π : Z Ñ P 1 R , we obtain an invertible sheaf L :" π˚pOp1qq on Z and a pair of global sections s :" π˚pT 0 q and t :" π˚pT 1 q which generate L. Conversely, given a line bundle L on an R-scheme Z and an ordered pair of global sections s, t generating L, one can construct a morphism π : Z Ñ P 1 R such that there exists an isomorphism π˚pOp1qq which maps π˚pT 0 q to s and π˚pT 1 q to t.
Suppose we are given a line bundle L on an R-scheme X and an ordered pair of global sections ps, tq, such that s and t do not generate L. Then, the set of all points x P Z where s x and t x generate L x is an open subset U of X. If U is nonempty (and hence, dense in X), we obtain a rational function on X. We would like to know when this rational function can be extended to a morphism from X to P 1 R . Recall that on an integral scheme X, any invertible sheaf is isomorphic to a subsheaf of the constant sheaf K of rational functions on X. Thus, for any invertible sheaf L on X, every global section of L may be considered as an element of KpXq. In particular, given two global sections s, t of L, we will speak of the ratio s{t as being an element of KpXq.
Lemma 4.1. Let X be a separated, integral R-scheme. Let L be an invertible sheaf on X and let s, t be global sections defining a rational function on X. Then, f can be extended to a morphism X Ñ P 1 R if and only if the s, t generate an invertible subsheaf of L. Proof. Suppose we are given the rational function f as above. Clearly, both s and t are not equal to the zero section. Suppose that t ‰ 0. Then f is clearly defined on the open subset U, consisting of points x P X such that s x and t x generate L x . Let M be the subsheaf of L generated by s and t. Note that M| Xt " L| Xt .
Suppose that the sheaf M is locally principal. Then, as the sections s, t generate M, by the above comments we obtain a morphism r f : X Ñ P 1 R such that r f˚pOp1qq is isomorphic to M via a morphism that maps r f˚pT 0 q to s and r f˚pT 1 q to t. Clearly, r f | U " f | U . Conversely, suppose that f can be extended to a morphism r f : X Ñ P 1 . Thus, there exists an invertible sheaf N on X with global sections u, v which generate N and an isomorphism r f˚pOp1qq Ñ N which maps f˚pT 0 q to u and f˚pT 1 q to v. On the set U defined above, this morphism agrees with f and so we must have s{t " u{v as elements of K. As u and v generate an invertible sheaf on X, at any point x P X, either u{v P O X,x or v{u P O X,x . Thus we also have s{t P O X,x or t{s P O X,x for every x P X. This shows that the sheaf M is locally principal. There exists a pair pXrf s, π f q consisting of a scheme Xrf s and a morphism π f : Xrf s Ñ X satisfying the following properties:
paq The pullback of f to Xrf s can be extended to a morphism r f : Xrf s Ñ P 1 R . pbq Given any R-scheme Y and a morphism φ : Y Ñ X such that φ˚pf q extends to a morphism Y Ñ P 1 R , there exists a unique map r φ : Y Ñ Xrf s such that φ " π f˝r φ.
Proof. The statement of the theorem is clearly local with respect to X and so it will suffice to prove the result when X is affine. Thus, we may assume that f is given by an ordered pair ps, tq of global sections of the trivial bundle (so that f " s{t as an element of the function field of X). Let I be the ideal subsheaf of O X generated by s, t. Let π f : Xrf s Ñ X be the blowup of X at the ideal sheaf I. Given any pair pY, φq as in property (b) in the statement of the theorem, we see by Lemma 4.1 that the ideal sheaf φ´1pIq¨O Xrf s is invertible. Thus, we obtain the result by applying the universal property of blowups (see [6, Chapter II, Prop. 7.14]).
Note that even if f and g both induce morphisms from X Ñ P 1 R , the product f g may not do so. However, the following lemma is easy to prove: pbq Xrgs » Xrf gs as X-schemes.
Notation 4.4. Let f 1 , . . . , f n be rational functions on X. We will write Xrf 1 , . . . f n s instead of Xrf 1 srf 2 s¨¨¨rf n s.
4.1.2.
Attaching an n-th root of a regular function. Given a regular function f : X Ñ P 1 R and an integer n ą 1, we would like to construct the final object in the category of Xschemes on which f has an n-th root. We need to be careful about the fact that the n-th root may not be unique. So in order to conveniently phrase the universal property of our construction, we also pick out a specific n-th root of (the pullback of) f .
Proposition 4.5. Let X be a separated, integral R scheme and let f : X Ñ P 1 R be a morphism. Let n ą 0 be an integer. Then there exists a triple pXrf 1{n s, π f,n , f 1{n q consisting of a scheme Xrf 1{n s, a morphism π f,n : Xrf 1{n s Ñ X and a morphism f 1{n : Xrf 1{n s Ñ P 1 R such that the following conditions hold: paq The morphism f 1{n is an n-th root of πf ,n pf q. We will call f 1{n the structural n-th root of the triple pXrf 1{n s, π f,n , f 1{n q. pbq Given any other triple pY, φ, g 1 q where Y is an R-scheme, φ : Y Ñ X is a morphism and g 1 : Y Ñ P 1 R is a morphism which is an n-th root of φ˚pf q, then there exists a unique morphism r φ : Y Ñ Xrs 1{n s such that φ " π f,n˝r φ and r φ˚pgq " g 1 .
Proof. As above, let T 0 , T 1 be the homogeneous coordinates on P 1 R . There exists a line bundle L on X and global sections s, t of L such that f˚pOp1qq " L via an isomorphism that maps f˚pT 0 q to s and f˚pT 1 q to t. Then, as elements of KpXq, we have the equality f " s{t.
Let φ n : P 1 R Ñ P 1 R be the n-th power map given by the graded ring homomorphism RrT 0 , T 1 s Ñ RrT 0 , T 1 s, T 0 Þ Ñ T n 0 , T 1 Þ Ñ T n 1 . Then we define Xrf 1{n s to be the fiber product Xˆf ,P 1 R ,φn P 1 R with p 1 , p 2 : Xrf 1{n s " Xˆf ,P 1 R ,φn P 1 R being the projections on the first and second factors respectively. We define π f,n to equal to p 1 and we define g " p˚pT 0 {T 1 q. It is easy to see that g n " f . Now suppose that pY, φ, g 1 q is another triple as in property (2) in the statement of the theorem. Then, the universal property of the fiber product immediately gives required morphism r φ from the morphisms φ : Y Ñ X and g 1 : Y Ñ P 1 R . We will simply write Xrf 1{n s for the triple pXrf 1{n s, π f,n , f 1{n q, when the rest of the data is clear from the context. Thus, for instance, suppose p : Z Ñ X and g : Z Ñ P 1 R are morphisms, we may say that φ : Xrf 1{n s Ñ pZ, p, gq is an isomorphism to mean that φ is an isomorphism from the scheme Xrf 1{n s to the scheme Z such that π f,n˝φ " p and φ˚pgq " f 1{n . The following lemma is obvious and so we omit its proof.
Lemma 4.6. Let X be a separated, integral R-scheme and let f P O˚pXq, viewed as a morphism from X to P 1 R . If n P Rˆ, then the morphism Xrf 1{n s Ñ X isétale.
4.1.3. Turning a regular function into a unit. Suppose that f defines a morphism from X to P 1 R . Then, Xtf u will denote a scheme with a given morphism η f : Xtf u Ñ X such that the following conditions hold:
paq ηf pf q is in OX tf u pXtf uq. pbq Given any other scheme Y and a morphism φ : Y Ñ X such that φ˚pf q is in OY pY q, there exists a unique map r φ : Y Ñ Xtf u such that φ " π f˝r φ. Clearly, Xtf u is just the open subscheme of Xrf s which is the complement of the support of divpf q.
Remark 4.7. We observe that due to the universal properties of the three constructions 4.1.1-4.1.3, they may be permuted. In other words, if f is a rational function and g, h are regular functions on X and n ą 1 is an integer, then we have isomorphisms Xrf stgu » Xtgurf s, Xrf srg 1{n s " Xrg 1{n srf s and Xtgurh 1{n s » Xrh 1{n srgs.
4.2.
Nodal blowups of ruled surfaces. Let C be 1-dimensional scheme. In this section, we will work with schemes that are obtained from P 1 C by successive blowups at smooth, closed points. Thus, all such schemes will come equipped with canonical birational maps between them. We will use the following conventions involving rational functions, points and curves on such schemes for the sake of brevity. (1) Rational functions: Given any scheme X obtained from P 1 C by successive blowups, its function field will be canonically isomorphic to that of P 1 C . We will use this canonical isomorphism to identify the two function fields. Thus, the same symbol will be used to denote a rational function on P 1 C and its pullback to X. In particular, a rational function in x and y with coefficients in k can be interpreted as a rational function on any smooth scheme that is birational to P 1 C . (2) Points: Suppose X and Y are both birational to P 1 C and let φ : X Y be the unique birational map such that the diagram
commutes. Let P be a point on X such that φ is defined at P . Then the image φpP q in Y will also be denoted by the symbol P . Given any scheme Y 1 that is birational to X over P 1 C , we will say that P exists on Y 1 if the canonical birational map X Y 1 is defined at P . We fix the following setting for the rest of the article. (1) Let x be a variable and let A be the Henselization of the polynomial ring krxs at the maximal ideal xxy. Let C " Spec A and let c 0 denote the closed point of C. (2) Let Y and Z be variables which denote the homogeneous coordinates on P 1 C . Thus, P 1 C " Proj ArY, Zs. C , which is the divisor of zeros of y. The closed subscheme Cˆtr1 : 0su is the divisor of poles of y and will be denoted by ℓ´8.
Definition 4.10. Let X be any scheme that is obtained from P 1 C by a finite number (possibly zero) of successive blowups at smooth, closed points.
(1) The preimage of pc 0 , r0 : 1sq is a connected scheme, the irreducible components of which are isomorphic to P 1 k . We refer to these as lines on X. (2) We define a pseudo-line to be any curve that is either a line on X or the proper transform of ℓ 8 . (3) A node on X is defined to be the intersection point of two pseudo-lines. It is easy to see that any node is the point of intersection of exactly two pseudo-lines. Thus, for instance, the point pc 0 , r0 : 1sq is the only node on the scheme P 1 C . (4) We will denote by N the collection of schemes X admitting a morphism X Ñ P 1 C , which factors as
with r ě 0, where for all i ě 1, π i : X i Ñ X i´1 is the blowup of X i´1 at some node of X i´1 .
Since all the nodes in all the X P N lie over the point pc 0 , r0 : 1sq, we see that these ideals defining these nodes are generated by rational functions in x and y. We will now describe all such ideals.
Example 4.11. To begin with, we examine the blowup of P 1 C at the point pc 0 , r0 : 1sq. As we noted above, this point is locally defined by the ideal xx, yy. It is the intersection of the unique line in P 1 C and the pseudo-line ℓ 8 . The line in P 1 C has y has a parameter while the pseudo-line ℓ 8 has x as a parameter. When we blow up the point, the exceptional divisor is a line having parameter x{y. It meets the proper transform of the line on P 1 C in a point defined by the ideal xx{y, yy. It meets the proper transform of ℓ 8 in a point defined by the ideal xx, y{xy.
More generally, suppose that a node, which is the intersection of pseudo-lines C 1 and C 2 is defined by the ideal xα, βy. We also assume that α is a parameter on C 1 and β is a parameter on C 2 . When this point is blown up, the exceptional divisor is a line having parameter α{β. The proper transforms of C 1 and C 2 , which we continue to denote by the symbols C 1 and C 2 respectively, have parameters α and β respectively. The exceptional divisor meets C 1 in a point defined by the ideal xα, β{αy and it meets C 2 in a point defined by the ideal xα{β, βy. Since we start with the ideal xx, yy it is easy to see that all the nodes will be locally defined by ideals of the form xx a {y b , y d {x c y where a, b, c, d are non-negative integers. Also, at such a node, the rational function x a {y b is a parameter on one of the pseudo-lines through the node, while y c {x d is a parameter on the other pseudo-line.
Thus, we see that for any X P N , any line on X has a parameter of the form x a {y b for non-negative integers a and b. Observe that the integers a and b are uniquely determined by this line. Indeed, if x a {y b and x c {y d are parameters on the same line, they are related by a fractional linear transformation. In other words, there exist α, β, γ, δ in k such that αδ´βγ ‰ 0 such that
As x and y are algebraically independent, it is easy to prove that this can only happen if pa, bq " pc, dq. Proof. We choose a sequence of blowups
where π is the blowup of X i´1 at a node. We prove these statements on all the X i by induction on i. They are clearly both true for i " 0. Suppose we know these statements to be true for all the nodes on X i , where i ě 0 and and that X i`1 is obtained from X i by blowing up a node given by the maximal ideal xx a {y b , y d {x c y. By the induction hypothesis, a{b ą c{d and ad´bc " 1. Then, on X i`1 , we have two new nodes given by the maximal ideals xx a`c {y b`d , y d {x c y and xx a {y b , y b`d {x a`c y. Since ad´bc " 1, we also get pa`cqd´pb`dqc " ad´bc " 1 and apb`dq´bpa`cq " ad´bc " 1. Clearly, this implies that a`b and c`d are coprime. This completes the proof.
This shows that if two intersecting lines on X have parameters x a {y b and x c {y d , then the fractions a{b and c{d are in reduced form and that they are adjacent to each other on the Stern-Brocot tree (see [5, Section 4.5] ). Indeed, we see that if X in N has n lines, we can associate to it the sequence sequence of rational numbers r 0 "´8 ă r 1 " 0 ă . . . ă r n " 1 ă r n`1 " 8 such that:
(1) For 1 ď i ď n, if r i is written in reduced fractional form as a i {b i for some nonnegative integers a i , b i , then X contains a line parameterized by x a i {y b i . We will label this line as ℓ r i . For i " 0 and i " n`1, the symbol ℓ r i will denote the pseudo-lines ℓ´8 and ℓ 8 respectively.
(2) For 1 ď i ď n, the line ℓ r i only meets the pseudo-lines ℓ r i´1 and ℓ r i`1 . If r i and r i`1 are written in reduced fractional form as r i " a i {b i and r i`1 " a i`1 {b i`1 then they meet in a node defined by the maximal ideal xx a i`1 {y b i`1 , y b i {x a i y. (Here, if r i`1 " 8, we choose a i`1 " 1 and b i`1 " 0.) Note that this also shows that for pair of coprime integers pa, bq with a ă b, there is at most one line on X with parameter x a {y b . Thus, labelling such a line as ℓ r does not cause any conflicts. It is also easy to see if such lines exist on two schemes X 1 , X 2 in N , then the canonical birational maps from X 1 to X 2 will take the lines into each other. Thus, our labelling respects the convention mentioned above, regarding using the same symbols for lines that are proper transforms of each other. Proof. We omit the proof of this lemma, but it can be easily proved using an inductive argument as in the proof of Lemma 4.12.
4.3.
Local geometry of ruled surfaces. Our proof of the main theorem (Theorem 1.5(b)) will be achieved by induction on the number of blow-ups required to obtain a given non-minimal ruled surface. In this subsection, we prove a result regarding the local geometry of nodal blowups of P 1 C , which will play a crucial role in the induction argument. We keep the notation and conventions from Section 4.2.
Definition 4.14. Let r be a rational number such that 0 ď r ď 1. Choose a scheme X P N which has a line labelled ℓ r . Let s be the largest rational number such that X contains a line labelled ℓ s . Let Q´denote the point where ℓ´8 meets ℓ 0 and let Q`denote the point where ℓ s meets ℓ 8 . Let Z be the union of all lines other of X other than ℓ r . We define U r :" Xz pZ Y tQ´, Q`uq. It is easy to see that the isomorphism class of U r does not depend on the choice of X.
Let r and s be two rational numbers such if they are written in reduced form as r " a{b and s " c{d, then r´s " 1{pbdq. Then, one can show that there exists an element of X on which there exist lines ℓ r and ℓ s , which meet in a point. Let Z denote the union of all the lines of X other than ℓ r and ℓ s . We define U r,s " Xz pZ Y tQ´, Q`uq. It is easy to see that the isomorphism class of U r,s does not depend on the choice of X. paq The schemes U r and U r´1 are isomorphic over C.
pbq Let r and s be such that if they are written in reduced form as r " a{b and s " c{d, then r´s " 1{pbdq. Then the schemes U r,s and U r´1,s´1 are isomorphic over C. where pU rˆC,φ b Cqrx a {ys is considered a C-scheme via the morphism
Moreover, the composition morphism
Proof. We begin by choosing a specific X P N containing the line ℓ r for an explicit description of U r . We first set s 0 " 0, s 1 " 1 and s 2 " 1{2. For i ą 2 we choose s i as follows, with a i {b i denoting the reduced rational representation of s i for each i:
‚ If r lies between s i´2 and s i´1 , we define s i :" a i´2`ai´1 b i´2`bi´1 . ‚ If r does not lie between s i´1 and s i , then we define s i :" a i´3`ai´1 b i´3`bi´1 . It can be proved that this sequence ts i u i is finite and terminates in r (see [5, Section 4.5] ). Suppose s n " a{b " r. Also, if the numbers s i are arranged in increasing order and if s i and s j are adjacent to each other in this arrangement with s i ă s j , then we have a j b i´ai b j " 1. Thus, with the notation established in Section 4.1, we have X » P 1 C rx a 1 {y b 1 , . . . , x a {y b s. Using Lemma 4.13, it is easy to see that
We denote this open subscheme of X by W 1 . Let W 2 denote the open subscheme XˆC pCztc 0 uq " Xtxu. It is clear that tW 1 , W 2 u is a Zariski open cover of U r .
Note that on W 1ˆU,φ b U, we have p1pxq " p2pφb pxqq " p2pxq b . Since we are writing p2pxq as just x, we may write p1pxq " x b . Thus, we compute
Hence,
As the rational functions x a {y and x extend to morphisms from P 1 C rpx a {yqstx a {yu to P 1 C and since x a {y is a unit on P 1 C rpx a {yqstx a {yu, we obtain isomorphisms (4.1)
We have a similar computation for pW 2ˆC,φ b Cqrx a {ys. 
These are open immersions with the same image. For both i " 1 and 2, the morphisms
express U a txutyu as the universal solution of the problem of ‚ attaching a b-th root of x to U r , the distinguished root being x (i.e. the pullback of x via the obvious morphism U a Ñ U), ‚ turning x into a unit, and ‚ turning y into a unit. It follows from the universality of the solution that the isomorphisms (4.1) and (4.2) glue to give an isomorphism U a " Ñ pU rˆU,φ b Uqrx a {ysq. It remains to prove that the projection U rˆC,φ b C Ñ U r isétale. It is clearlyétale away from the zero divisor of x and thus it is enough to prove that the map pW 1ˆC,φ b Cqrx a {ys Ñ W 1 isétale.
First observe that W 1ˆC,φ b C » W 1 rx 1{b s (however, note that under this isomorphism, the rational function x 1{b on the scheme on the right corresponds to the rational function x on the scheme on the left!). Hence, we have an isomorphism pW 1ˆC,φ b Cqrx a {ys » W 1 rx 1{b , px 1{b q a {ys. So, we will now show that the morphism W 1 rx 1{b , px 1{b q a {ys Ñ W 1 iś etale.
Our construction of X at the beginning of the proof shows that there exists a pair of integers pc, dq such that ad´bc " 1 and such that x c {y d is a morphism on X, and hence on W 1 . Thus, py d {x c q b " py bd {x ad q¨x. We will now show that
As py bd {x ad q " py b {x a q d is a unit on W 1 , the map W 1 rppy b {x a q d q 1{b s Ñ W 1 isétale and this will complete the proof of the theorem.
On the scheme W 1 rx 1{b , px 1{b q a {ys, the rational function y{px 1{b q a induces a morphism from W 1 rx 1{b , px 1{b q a {ys to P 1 C and ppy{px 1{b q a q d q b " py bd {x ad q.
Thus, there is a unique morphism φ : W 1 rx 1{b , px 1{b q a {ys Ñ W 1 rppy bd {x ad1{b s such that φ˚ppy bd {x ad q 1{b q " y d {px 1{b q ad . On the scheme W 1 rpy bd {x ad q 1{b s, we have a rational function denoted by py bd {x ad q 1{b which induces a morphism from W 1 rpy bd {x ad q 1{b s to P 1 C , and which has the property that ppy bd {x ad q 1{b q b " y bd {x ad " py b {x a q d . As the rational function y b {x a is a unit, so is py bd {x ad q 1{b . We will denote its multiplicative inverse by px ad {y bd q 1{b . Observe that " px ad {y bd q 1{b¨p y d {x c q ‰ b " px ad {y bd q¨py bd {x bc q " x.
Thus, px ad {y bd q 1{b¨p y d {x c q is a b-th root of x. Thus, we obtain a W 1 -morphism r ψ :
As px ad {y bd q 1{b defines a morphism from W 1 rpy bd {x ad q 1{b s to P 1 C and since py b {x a q is a unit, it follows that the rational function p r ψ˚px 1{ba {y defines a W 1 rx 1{b s-morphism from W 1 rpy bd {x ad q 1{b s to P 1 C . Thus, r ψ lifts uniquely to a morphism x 1{b¨ˆp x 1{b q ad´1 y d˙ˆy d
x c"
x 1{b¨ˆp x 1{b q bc y d˙ˆy d x c"
x 1{b .
Thus, by the universal property of the scheme W 1 rx 1{b , px 1{b q a {ys, we see that ψ˝φ is the identity morphism of W 1 rx 1{b , px 1{b q a {ys. Thus, φ and ψ are isomorphisms, which concludes the proof of the theorem.
The special case of nodal blowups
We will keep the conventions and notation from Section 4.2. The aim of this section is to show that Theorem 1.5 holds for nodal blowups, that is, elements of N .
Theorem 5.1. Let X P N and let U be a henselian local scheme over k. Then π A 1 0 pXqpUq " S 2 pXqpUq " S n pXqpUq, for all n ě 2.
We begin by describing the setting and then reduce Theorem 5.1 to showing it for a specific subclass of elements of N before embarking upon the proof of Theorem 5.1. Let X P N . This means that there is a sequence of morphisms (5.1)
X " X p Ñ¨¨¨X 1 Ñ X 0 " P 1 C , where for all i ě 1, X i Ñ X i´1 is a blowup at some node. The discussion in Section 4.2 shows that there exist ordered pairs of non-negative integers pm 0 , n 0 q, pm 1 , n 1 q, . . . , pm p , n p q, pm p`1 , n p`1 q with the following properties:
(a) m i and n i are coprime or each i; (b) pm 0 , n 0 q " p0, 1q, pm 1 , n 1 q " p1, 0q; (c) For any i, there exist integers j and k such that 1 ď j ă k ă i such that m k n jḿ j n k " 1 and m i " m j`mk , n i " n j`nk ; (d) X i " X i´1 rx m i {y n i s (in the sense of Proposition 4.2). Note that n i ‰ 0 for any i ‰ 1. We relabel these ordered pairs as pa 0 , b 0 q, pa 1 , b 1 q, . . ., pa p`1 , b p`1 q, in such a way that a 0 {b 0 " 0 ă a 1 {b 1 ă . . . ă a p {b p and pa p`1 , b p`1 q " p1, 0q. Set s i " a i {b i for 0 ď i ď p and s p`1 " 8. Note that s p " a p {b p is always an integer. There are exactly p`2 pseudo-lines on X, namely ℓ 0 " ℓ s 0 , ℓ s 1 ,¨¨¨, ℓ sp and ℓ s p`1 " ℓ 8 . For i ‰ j, the pseudo-lines ℓ s i and ℓ s j meet if and only if j " i`1. The node in which ℓ s i and ℓ s i`1 meet is locally given by the ideal xx a i`1 {y b i`1 , y b i {x a i y. From this description, it is clear that X can be obtained from P 1 C by blowing up the ideal I "
We accordingly relabel the indices in (5.1) in such a way that for every i, X i`1 is obtained from X i by blowing up the ideal xx a i , y b i y.
We now show that using elementary transformations, one can reduce Theorem 5.1 to showing it for X as above for which every pair pa i , b i q satisfies a i {b i ď 1.
Notation 5.2. We let N 1 denote the subset of N consisting of blowups X of P 1 C such that there exists a sequence of ordered pairs of non-negative integers pa 0 , b 0 q, . . . , pa p`1 , b p`1 q and morphisms X " X p Ñ¨¨¨X 1 Ñ X 0 " P 1 C such that X i " X i´1 rx a i {y b i s and a i {b i ď 1 for all 1 ď i ď p with pa p , b p q " p1, 1q.
Proposition 5.3. Let U be a henselian local scheme over k. If π A 1 0 pXqpUq " S 2 pXqpUq " S n pXqpUq for all n ě 2 and for all X P N 1 , then the same is true for all X P N .
Proof. By Lemma 2.12, if two morphisms U Ñ X are n-ghost homotopic for any n, their compositions with the map X Ñ C have to be the same. Thus, we fix a morphism γ : U Ñ C and restrict our attention to γ-morphisms in the sense of Definition 2.10. Instead of directly examining γ-morphisms U Ñ X, it will be convenient to look at γmorphisms U Ñ P 1 C which lift to X. Due to our assumption on γ, it is clear that any γ-morphism U Ñ P 1 C will have at most one lift to X. Given two such γ-morphisms U Ñ P 1 C , we want to understand when they can be connected by an n-ghost homotopy which also lifts to X.
Step 1:
If γ maps the closed point of U to the generic point of C, then α factors through the open subscheme P 1 Cztc 0 u of X. Hence any two γ-morphisms α 1 , α 2 : U Ñ X are A 1 -chain homotopic. On the other hand, if γ maps the generic point of U to the closed point of C, then any γ-morphism α : U Ñ X factors through the closed fiber of the morphism X Ñ C. The closed fiber of X Ñ C is a connected scheme, the components of which are copies of P 1 k . Thus, again, in this case too, any two morphisms α 1 , α 2 : U Ñ C which lift γ are A 1 -chain homotopic. Hence, from this point onward, we will restrict our attention to the case in which γ maps the closed point of U to the closed point of C and the generic point of U to the generic point of C.
Let X γ denote the pullback XˆC ,γ U. Then X γ is the blowup of P 1 U at the the pullback I γ of the ideal I with respect to the morphism P 1 U Ñ P 1 C . We continue to use the variables Y and Z as homogeneous coordinates on P 1 U " UˆC ,γ P 1 C and we will also denote the pullback of the rational function y " Y {Z on P 1 C by y. Set r 0 " γ˚pxq. Then I γ " ś p i"1 I i where I i " xr a i 0 , y b i y. Applying Proposition 3.5 to the blowup X γ Ñ P 1 U , we see that if α 1 , α 2 : U Ñ P 1 C are γ-morphisms which are connected by an n-ghost homotopy H which lifts to X, then there exists r P R such that the ideals α1pIq, α2pIq and hHpIq are all generated by r. The support of the ideal I is the point pc 0 , r0 : 1sq. Hence, α 1 maps the closed point of U to pc 0 , r0 : 1sq if and only if α 2 does the same. Any two morphisms α 1 , α 2 : U Ñ P 1 C which map the closed point of U to ℓ 0 ztpc 0 , r0 : 1squ are clearly A 1 -chain homotopic via a homotopy which factors through the open subscheme P 1 C ztpc 0 , r0 : 1squ. Such a homotopy clearly lifts to X. Hence, we see that any two γ-morphisms of this type are A 1 -chain homotopic. Hence, we will now focus on γ-morphisms U Ñ P 1 C which map the closed point of U to pc 0 , r0 : 1sq.
Step 2:
Let V Ñ U be a smooth morphism and suppose h : V Ñ P 1 C be a γ-morphism which lifts to X. Let v P V such that hpvq " pc 0 , r0, 1sq. We know that h˚pxq " γ˚pxq " r 0 . For each i, the rational function h˚px a i {y b i q " r a i 0 {h˚pyq b i induces a morphism from U into P 1 C , and hence into P 1 U " UˆC ,γ P 1 C . Since h lifts to X γ , for every i, the pullback h˚pI i q is principal and so we have r a i 0 |h˚pyq b i or h˚pyq b i |r a i 0 in O V,v . Now suppose that the unique lift of h to X maps the v into the line ℓ s i for some i. We know that for j ă i, ℓ s i lies in the divisor of poles of x a j {y b j . Thus, for j ă i, we have r a j 0 |h˚pyq b j and h˚pyq b j ffl r a j 0 . Similarly, for j ą i, we have h˚pyq b j |r a j 0 and r a j 0 ffl h˚pyq b j . Thus, we see the the set of all i such that h maps v on ℓ s i is determined by the ideal h˚pI 1 q.
Step 3:
Now suppose α 1 , α 2 : U Ñ P 1 C are γ-morphisms which are connected by a n-ghost homotopy H which lifts to X. Then, the above observation, in conjunction with Proposition 3.5 applied to the blowup X 1ˆC,γ U Ñ P 1 U , tells us that the lift of α 1 to X maps the closed point of U on ℓ s i if and only if the lift of α 2 does so too. Moreover, if the lifts of α 1 and α 2 map the closed point of U to ℓ s i , the lift of the n-ghost homotopy H also maps the closed fiber of its total space to ℓ s i . On the other hand, if the lifts of α 1 and α 2 do not map the closed point of U to ℓ s i , then the lift of the n-ghost homotopy H factors through Xzℓ s i .
So, now suppose that α 1 , α 2 : U Ñ P 1 C are two γ-morphisms, both of which lift to X, and that their lifts to X map the closed point of U into the line ℓ s i and into no other line. (In other words, they do not map the closed point of U to a node.) Then, if their lifts are n-ghost homotopic in X, the n-ghost homotopy will actually factor through the complement of all the lines other than ℓ s i . We recognize this complement as the open subscheme U s i of X. Thus, by Lemma 4.15, we may assume that s i ă 1.
Similarly, if the lifts of α 1 and α 2 map the closed point to the node ℓ s i X ℓ s i`1 , then then if they are connected by an n-ghost homotopy in X, such an n-ghost homotopy maps the entire closed fiber of its total space to this node. Also, this n-ghost homotopy factors through the complement of the union of all the lines other than ℓ s i and ℓ s i`1 . We recognize this complement as the open subscheme U s i ,s i`1 of X. By Lemma 4.15, we may assume that s i ă 1. As s i`1´si " 1{pb i b i`1 q, if s i ă 1 then s i`1 ď 1 (as s i and s i`1 are adjacent to each other in some Farey sequence).
Thus, it suffices to show the assertion of the proposition in the case where s i ď 1 for 1 ď i ď p with pa p , b p q " p1, 1q. This completes the proof.
Proof of Theorem 5.1.
By Proposition 5.3, we may assume that X P N 1 . Thus, there exists a sequence of ordered pairs of non-negative integers pa 0 , b 0 q, . . . , pa p`1 , b p`1 q and morphisms
Step 1 in the proof of Proposition 5.3, we are reduced to determining when two γ-morphisms U Ñ P 1 C that lift to X and map the closed point of U to pc 0 , r0 : 1sq are n-ghost homotopic for n ě 2. Write U " Spec R, where R is a smooth henselian local ring with maximal ideal m and write r 0 " γ˚pxq P R for the pullback of the uniformizing parameter x on the coordinate ring of C. We will now work on X γ defined by the pullback For any r P R, let β r : U Ñ P 1 U be the morphism induced by the R-algebra homomorphism Rrys Ñ R, y Þ Ñ r. Note that any section β : U Ñ P 1 U such that βpuq " pu, r0 : 1sq
is of the form β r for some unique r P m. Such a section lifts to X γ if and only if the ideal xr a i 0 , r b i y is principal for every i, 1 ď i ď p. Let r 1 , r 2 P m be such that the sections β r 1 and β r 2 lift to X γ and are connected by an n-ghost homotopy H which also lifts to X γ . As pa s , b s q " p1, 1q, the sections β r 1 , β r 2 and the n-ghost homotopy H lift to X 1ˆU,γ P 1 U which is obtained from P 1 U by blowing up the ideal I 1 " xr 0 , yy. By Proposition 3.5, we see that the the ideals (or ideal sheaves) βr 1 pI 1 q, βr 2 pI 1 q, hHpI 1 q are all generated by a fixed element of R, which we denote by r. There are clearly two possibilities:
(A) r 0 " r: This happens when the ideals α1pI 1 q, α2pI 1 q is generated by r 0 . Thus r 0 |r 1 and r 0 |r 2 . (B) r|r 0 but r 0 ffl r: In this case, for i " 1, 2, the ideal αi pI 1 q " xr 0 , r i y is generated by r i . As xr 0 , r 1 y " xr 0 , r 2 y, we see that r 1 and r 2 must be unit multiples of r. At least one of (A) or (B) must hold for the lifts of β r 1 and β r 2 to X γ to be n-ghost homotopic. Of course, this is only a necessary condition for the lifts to be n-ghost homotopic. We will see that the condition in case (A) is actually sufficient for the two lifts to be A 1 -chain homotopic. However, in case (B), an additional condition is required.
Case (A) is very easy to deal with. Consider the homotopy h : Spec RrT s " A 1 U Ñ A 1 U " Spec Rrys defined by y Þ Ñ r 1 T`r 2 p1´T q. Then as a i ď b i for all i, and as r 0 divides r 1 and r 2 , we get h˚pxr a i 0 , y b i y " xr a i 0 , pr 1 T`r 2 p1´Tb i y " xr a i 0 y which is a principal ideal. Thus, the homotopy h lifts to X γ . Thus, we see that condition (A) is actually sufficient for the lifts of β r 1 and β r 2 to be A 1 -chain homotopic. Thus, in this case they also map to the same element of π A 1 0 pX γ qpUq. Now, we consider case (B). Thus, r is an element of R such that r|r 0 , r 0 ffl r and r 1 and r 2 unit elements of m such that r i {r is a unit for i " 1, 2. We assume that β r i lifts to X γ for i " 1, 2.
Claim 1: If there exists an n-ghost homotopy H connecting β r 1 to β r 2 which lifts to X γ , then r 2 r 1´1 P a xr, r 0 {ry.
Proof of Claim 1:
Suppose there exists an n-ghost homotopy H connecting β r 1 to β r 2 which lifts to X γ . By Proposition 3.5, the ideal sheaf hHpI 1 q is generated by fHprq. At any point v of SppHq, the ideal hHpI 1 q v is equal to xfHpr 0 q, hHpyqy. Thus, we see that the ideal Iprq :" xfHprq, hHpyqy of O SppHq,v is principal. Thus if X γ,r denotes the scheme obtained by blowing up P 1 U at the closed subscheme ZphHpIq¨Iprqq we see that the n-ghost homotopy H lifts uniquely to X γ,r . Let us denote this lift by H r . The scheme Xγ, r can also be constructed by first blowing up the closed subscheme ZpIprqq to construct Xprq and then blowing up the total transform of the ideal sheaf h˚pIq on Xprq. We will now examine this total transform.
We view Xprq as a closed subscheme of UˆP 1ˆP1 where we use the homogeneous coordinates Y, Z for the first copy of P 1 and Y 0 , Y 1 for the second copy. Then, Xprq is given by the equation rY 0 Z " Y 1 Y . It suffices to compute the total transform of h˚pIq in the open patch Z ‰ 0 (since both Iprq and I have support within this patch).
We will now show that there exist closed subschemes T 1 and T 2 of Xprq such that: (a) The blowup of Xprq at T 1 Y T 2 is isomorphic to X γ,r over Xprq. For this it will suffice to show that for each i, the total transform I i is the product of a locally principal ideal with an ideal J i where J i is supported in either S 1 or S 2 . We will consider two cases -either r a i 0 |r b i or r b i |r a i 0 (which are not mutually exclusive). Suppose r a i 0 |r b i . Notice that since we already know that r|r 0 , this implies that r 0 and r have the same squarefree part. On the open patch where Y 1 ‰ 0,
On the open patch where Y 0 ‰ 0, we simply observe that since r and r 0 have the same squarefree part, the ideal xr a i 0 , pY 1 {Y 0 q b i y has the same radical as xr, Y 1 {Y 0 y and the associated closed scheme is contained in T 2 .
If r b i |r a i 0 , then on the open patch Y 1 ‰ 0, we have xr a i 0 , y b i y " xr b i y xpr a i 0 {r b i q, pY 0 {Y 1 q b i y. We claim that the the support of ideal xpr a i 0 {r b i q, pY 0 {Y 1 q b i y is contained in T 1 . For this, it suffices to show that any prime p of R which does not contain r 0 {r cannot contain r a i 0 {r b i . To see this, observe for any such prime p, r 0 {r is a unit in R p then
Since pr 0 q a i {r b i P R p , this shows that p1{rq b i´ai P R p . Since r P R p , it follows that r is actually a unit in R p . Hence r a i 0 {r b i is also a unit in R p , as required. Observe that the projection of Xprq Ă UˆP 1ˆP1 onto the first and third factors can be viewed as the blowup of P 1 U " Proj RrY 0 , Y 1 s at the closed subscheme xr, Y 1 y. Thus, the projection map θ : X γ,r Ñ Proj RrY 0 , Y 1 s is just the blowup of Proj RrY 0 , Y 1 s at the closed subschemes Zpxr, Y 1 yq and Zpxr 0 {r, Y 0 yq. Let H 1 be the n-ghost homotopy θ˝H r . Then if β γ,r r i denotes the lift of β r i to X γ,r , we see that θ˝β γ,r r 1 is the morphism corresponding to the R-algebra homomorphism As G m is A 1 -rigid, the induced homotopy of the underlying reduced subscheme of U is constant. In particular, since θ˝β γ,r r i : U Ñ Proj RrY 0 , Y 1 s corresponds to the homomorphism Y 0 {Y 1 Þ Ñ r i {r for i " 1, 2, we see that r 2 {r 1 " 1 modulo any prime of R containing the ideal xr, r 0 {ry. Thus r 2 {r 1´1 P a xr, r 0 {ry. To summarize, we have proved that if r 1 , r 2 P m are unit multiples of r such that β r 1 and β r 2 are n-ghost homotopic in X γ , then r 2 {r 1´1 lies in the ideal a xr, r 0 {ry.
Claim 2:
If r 1 , r 2 P m are unit multiples of r such that δ :" r 2 r 1´1 P a xr, r 0 {ry, then β r 1 and β r 2 are 1-ghost homotopic in X γ .
Proof of Claim 2:
We will explicitly construct a 1-ghost homotopy 
This is a Zariski open cover of A 1
U . Indeed, to show this, it is enough to see that if p is a prime ideal of RrSs containing pr 0 {r, 1`δSq, then δ is a unit modulo p. Since δ P a xr, r 0 {ry, we see that p cannot be a prime containing xr, r 0 {ry. But then p must fail to contain either r or r 0 {r. Since p contains r 0 {r, it cannot contain r. Thus the point of A 1 U corresponding to p must lie in V 2 . We define V " V 1 > V 2 . We will now define morphisms h i : V i Ñ Proj RrY 0 , Y 1 s for i " 1, 2 and obtain h :
The morphism h 1 : V 1 Ñ Proj RrY 0 , Y 1 s is given by Y 0 {Y 1 Þ Ñ p1`δSq. Notice that the assignment Y 0 {Y 1 Þ Ñ 1`δS actually defines a morphism A 1 U Ñ Proj RrY 0 , Y 1 s which factors through the complement of Zpxr, Y 1 yq. However, it fails to avoid Zpxr 0 {r, Y 0 yq. Indeed the preimage of this subscheme is the closed subscheme of Zpxr 0 {r, 1`δSyq of A 1 U . Hence, we have cut out the scheme Zpxr 0 {r, 1`δSyq to ensure that the morphism h 1 : V 1 Ñ Proj RrY 0 , Y 1 s gives rise to a morphism V 1 Ñ X γ,r .
The morphism h 2 : V 2 Ñ Proj RrY 0 , Y 1 s is given by composing the projection V 2 Ñ UzUprq with the morphism UzUprq Ñ P 1 U given by Y 0 {Y 1 Þ Ñ 1, i.e. it is the "constant section at 1". In other words, it factors through Y 1 ‰ 0 and is given by
The morphisms σ 0 , σ 1 : U Ñ A 1 U " Spec RrSs factor through the open immersion V 1 ãÑ A 1 U . We choose the induced morphisms U Ñ V 1 ãÑ V as the morphisms r σ i . We choose W to be equal to VˆA1
The 0-ghost chain homotopy H W will be a single A 1 -homotopy which we will define separately on each piece V ij . For i " j, we simply define it to be the constant homotopy on V i X V i " V i .
We now define a homotopy between h 1 | V 1 XV 2 and h 2 | V 1 XV 2 . This morphism will be designed to factor through Y 0 ‰ 0 and thus will avoid Zpxr 0 {r, Y 0 yq. On the other hand, by the definition of V 2 it is clear that it will also avoid Zpxr, Y 1 yq Ă Zpxryq Ă Proj RrY 0 , Y 1 s. We define this morphism by Y 1 {Y 0 Þ Ñ p1`δSq´1p1´T q`T P RrS, r´1p1`δSq´1srT s. The restriction of H W to V 12 is taken to be this homotopy. The restriction of H W to V 21 is defined to be the inverse of this homotopy.
Thus we have successfully constructed an 1-ghost homotopy in Proj RrY 0 , Y 1 s which lifts to X γ,r . It is easy to see that it connects θ˝β γ,r r 1 and θ˝β γ,r r 2 . The lift of this 1ghost homotopy to X γ,r will connect β γ,r r 1 and β γ,r r 2 . Thus, on composing with the blowup morphism X γ,r Ñ X γ , we get the desired 1-ghost homotopy in X γ . This shows that β r 1 and β r 2 are 1-ghost homotopic as claimed.
Finally, we observe that β r 1 and β r 2 have the same image in π A 1 0 pX γ q by Lemma 2.6. This observation along with Claim 1 and Claim 2 completes the proof of the theorem.
The general case
In this section, we give proofs of the main results (Theorem 1.5 and Theorem 1.2) using the results proved in Sections 3, 4 and 5.
Let S be a two dimensional scheme over k, and let s be a k-valued point of S such that S is essentially smooth at s. Let r S Ñ S be a proper birational morphism which is an isomorphism over Sztsu. Then, we know that the morphism r S Ñ S is the blowup of S at a closed subscheme T which is supported on s. Also, we know that if r S is essentially smooth over k, then r S Ñ S can be written as a composition r S " S n Ñ S n´1 Ñ¨¨¨Ñ S 0 " S where S i`1 is obtained from S i by blowing up a smooth point that lies in the preimage of s with respect to the morphism S i Ñ S. The integer n does not depend on the way in which the morphism r S Ñ S is written as a composition of such blowups. Indeed, it is just equal to the number of components of the preimage of s with respect to r S Ñ S. In this situation, we say that r S is obtained by blowing up n points infinitely near to s. Lemma 6.1. Let S be a two-dimensional scheme over k and let s be a k-valued point of S such that S is essentially smooth at s. Let r S be obtained by blowing up n points infinitely near to s. Let φ : T Ñ S be anétale morphism and let r T " Tˆr S S. Let φ´1psq " tt 1 , . . . , t m u. Then r T is obtained from T by blowing up n points infinitely near to t i for each i, 1 ď i ď m.
Proof. Clearly, the morphism r T Ñ T is an isomorphism over T zφ´1psq. Also, r T is essentially smooth over k and thus, the morphism r T Ñ T is the composition of blowups of finitely many points infinitely near to t i . Thus, it remains to be shown that the scheme r TˆT ,t i Spec k has n components for each i. We observe that
which completes the proof.
Proof of Theorem 1.5. Part (a) is already handled in Proposition 2.13. We now give a proof of part (b). Let E be a P 1 -bundle over a smooth projective curve C of genus g ą 0 over an algebraically closed field k of characteristic 0. Let X be a smooth projective surface, which is not isomorphic to E and has E for its minimal model. Let U be a smooth henselian local scheme over k. Since C is A 1 -rigid, by Lemma 2.12, if two morphisms U Ñ X are n-ghost homotopic for any n, their compositions with the map X Ñ C have to be the same. Thus, we fix a morphism γ : U Ñ C and characterize n-ghost homotopy classes of γ-morphisms U Ñ X in the sense of Definition 2.10. Note that all the n-ghost homotopies of γ-morphisms U Ñ X factor through the pullback of X by the morphism Spec O h C,c 0 Ñ C. Note that the pullback of E by the morphism Spec O h C,c 0 Ñ C is just P 1ˆS pec O h C,c 0 . We may therefore replace C with Spec O h C,c 0 and assume that C is as in Notation 4.9. We may also assume that X is obtained by blowing up P 1 C at nonzero, finitely many successive blowups at smooth, closed points tQ 1 , . . . , Q m u and by blowing up the ideal J . For any Q P tQ 1 , . . . , Q m u, let N Q denote the number of points in tQ 1 , . . . , Q m u, which are infinitely near to Q. We will prove the result by induction on N X :" maxtN Q 1 , . . . , N Qm u.
As in
Step 1 in the proof of Proposition 5.3, we are reduced to considering the case in which γ maps the closed point of U to the closed point c 0 of C and the generic point of U to the generic point of C. Let us denote the closed point of U by u. Write U " Spec R, where R is a smooth henselian local ring with maximal ideal m. We write r 0 " γ˚pxq P R for the pullback of the uniformizing parameter x on the coordinate ring of C. We will work on X γ defined by the pullback U be the morphism induced by the Ralgebra homomorphism Rrys Ñ R, y Þ Ñ r. Note that any section β : U Ñ P 1 U such that βpuq " pu, r0 : 1sq is of the form β r for some unique r P m.
By Proposition 3.5, two n-ghost homotopic γ-morphisms α, α 1 : U Ñ P 1 C that lift to X either both map u into the same point in SupppJ q or both map u into P 1 C zSupppJ q.
Claim 1: If α, α 1 are n-ghost homotopic and map u into P 1 C zSupppJ q, then they are A 1 -chain homotopic.
Proof of Claim 1:
If SupppJ q is a singleton, then it is easy to see that any two sections α and α 1 are A 1 -chain homotopic. Now suppose that SupppJ q consists of at least two closed points. For i " 1, 2, let β r i : U Ñ P 1 U be the pullback of α i . Let H be an nghost homotopy connecting β r 1 and β r 2 and lifting to X. By Proposition 3.5, H factors through the complement of SupppJ q. Hence, the restriction of h H : SppHq Ñ P 1 C to h´1 H pP 1ˆt c 0 uq red is constant. Therefore, for every prime ideal p of R containing r 0 , we have r 1´r2 P p. Hence, it follows that r 1´r2 P a xr 0 y. Now consider the linear homotopy connecting β r i : U Ñ P 1 U , for i " 1, 2, which, by the above observation, avoids SupppJ q and consequently, lifts to X.
Claim 2: If α, α 1 are n-ghost homotopic for some n ě 1 and map u to the same point P P SupppJ q, then α and α 1 are 1-ghost homotopic and moreover, map to the same element in π A 1 0 pXqpUq. Proof of Claim 2: By a suitable change of coordinates, we may assume that P " pc 0 , r0 : 1sq. Let α, α 1 : U Ñ P 1 U be n-ghost homotopic via an n-ghost homotopy H lifting to X. Then it follows from Proposition 3.5 that h H factors through the complement of SupppJ qztP u in P 1 C . Thus, without loss of generality, we may assume that SupppJ q " tP u. Assume that X is minimally obtained by a successive blowup of m smooth, closed points of P 1 C . There exists 1 ď m 1 ă m and morphisms X " X m 1 Ñ X m 1´1 Ñ¨¨¨Ñ X 1 " Y Ñ X 0 " P 1 C such that ‚ for every i ě 1, X i`1 is obtained by blowing up X i at a smooth, closed point P i , which maps to P in X 0 ; ‚ Y is a nodal blowup in the sense of Definition 4.10; and ‚ for every 1 ď i ď m 1 , the image of P i in Y lies on a unique line in Y (in other words, the image of P i in Y is not a node).
Let α, α 1 : U Ñ P 1 C be γ-morphisms that lift to X. Suppose that α, α 1 are connected by an n-ghost homotopy H that lifts to X for some n ě 2. Let r, r 1 P R be such that β r , β r 1 : U Ñ P 1 U are the pullbacks of α, α 1 respectively. Case A: α and α 1 both map u outside tP 1 , . . . , P m 1 u.
Suppose that X is obtained from Y by blowing up the ideal sheaf J 1 . In this case, the lifts of α and α 1 to X " X m 1 are n-ghost homotopic if and only if the lifts of α and α 1 to Y are n-ghost homotopic. Indeed, if the lifts of α and α 1 to Y are n-ghost homotopic, then the n-ghost homotopy connecting them factors through the complement of SupppJ 1 q in Y by Proposition 3.5 and consequently, lifts to X. The converse is obvious. The result in Case A therefore follows from Theorem 5.1.
Case B: α and α 1 both map u to a point in tP 1 , . . . , P m 1 u. ‚ α, α 1 lift to X 1 and their lifts in X 1 are n-ghost homotopic if and only if the lifts of α, α 1 in r X are n-ghost homotopic; and ‚ N X 1 ă N X .
By the induction hypothesis, we conclude that the lifts of α and α 1 to X 1 are 1-ghost homotopic and map to the same element in π A 1 0 pX 1 qpUq. Moreover, the same holds for the lifts of α and α 1 to r X and to X. This completes the proof of Theorem 1.5.
Proof of Theorem 1.2. Let X be a smooth, projective birationally ruled surface over an algebraically closed field k. By [7, Chapter III, Theorem 2.3], X can be obtained by successively blowing up a finite number of smooth, closed points on P 2 or a P 1 -bundle over a curve C. If X is rational, then by [1, Corollary 2.3.7], X is A 1 -connected. Hence, π A 1 0 pXq is evidently A 1 -invariant, being the trivial one-point sheaf. If X is not rational, then X has to be birationally ruled over a curve C of genus ą 0, in which case the result is proved in Theorem 1.5 above.
Remark 6.2. It can be shown that for a smooth projective birationally ruled surface X over an algebraically closed field, one has π A 1 0 pXqpUq » S n pXqpUq, for all n ě 1 and for all U P Sm{k of dimension ď 1. However, if X is not a minimal model, then it can be shown that SpXq C and that SpXq ‰ S 2 pXq. This shows, in particular, that the Morel-Voevodsky singular construction Sing A 1 X is not A 1 -local for such X. The details will appear in a forthcoming companion paper. 
